We analyse the BRST cohomology of the Ramond sector of heterotic ambitwistor theory. We also write the free string field theory action and compute the supersymmetry transformations. *
1 Introduction.
The ambitwistor string was introduced by Mason and Skinner in [1] as a string theory whose tree amplitudes reproduce the Cachazo-He-Yuan formulas for massless scattering [2] . It contains only left-moving worldsheet fields and has no massive states. As described in [1] , it is the α ′ → 0 limit of superstring theory, even though only the GSO(+) sector of the Type II version correctly describes d = 10 N = 2 supergravity.
The spectra was identified in [3] using the standard BRST method where equations of motion and gauge invariances are derived from the cohomology at ghost-number 2 of the BRST operator. The quadratic term for the string field theory action was also constructed in a gaugeinvariant manner; and except for the GSO(+) sector of the Type II ambitwistor string, the kinetic terms for the other ambitwistor strings are non-unitary, i.e. they contain more than two derivatives. In this paper, we focus on the Ramond sector of heterotic ambitwistor string. We want to understand if the fermionic spectra of the theory is given by non-unitary equations of motion, and study the supersymmetry transformations of these non-unitary systems.
Section 2 reviews the ambitwistor model and sets our notation. It can be skipped on a first reading.
We start in section 3, where we use the standard BRST method to compute the equations of motion of the Ramond sector for the heterotic system. These represent the fermionic degrees of freedom of the theory, and our analysis shows that they also follow non-unitary equations of motion. We write a gauge-invariant version of theory in terms of Fronsdal fields [4] . The kinetic term of the fermionic ambitwistor string field theory action is also computed in section 4. It is expressed in terms of gauge-invariant objects and resembles Fronsdal's free action despite having more derivatives.
Finally, in section 5 we write the supersymmetry transformations of the system. In RNS language, the supersymmetry operator is defined on-shell and thus gives the supersymmetry transformations up to equations of motion. Then we prove the invariance of the action under supersymmetry transformations.
2 Ambitwistor Action and Ramond Sector.
We first review the ambitwistor model. Its main purpose is to set the basic definitions and notation.
The heterotic ambitwistor model is defined by the free action
where p m is a worldsheet holomorphic one-form and x m is an holomorphic coordinate function. The b and c fields together with β and γ are the Faddeev-Poppov ghosts of superconformal worldsheet symmetry. Particular to the heterotic model, we have the current action S j ; its specific form is irrelevant for us, we only require the existence of a current j a with conformal weight 1 that satisfies the OPE
2) being f ab c the structure constants of the Lie algebra in question. The Ambitwistor model differs from the superstring due to the presence of theb andc ghosts related to the gauge symmetries of the light-cone constrain: p 2 = 0. These ghosts have conformal weights 2 and −1 respectively and both are worldsheet fermions.
Our Majorana spinors ψ m will be rewritten in the complex linear combinations:
for i = 1, . . . , 5 that are subsequently bosonized to
The (β, γ) system is bosonized with extra fermions (ξ, η) [5] , both primaries of conformal weight 0 and 1 respectively:
6)
This choice follows the conventions of [6] and [7] where we have introduced the cocycles c e i and c e 6 . During the computation of cohomology, cocycle factors are important and must be taken into account. The definition of cocycles depends on the way we order the different φ i . For us the chiral bosons corresponding to ψ m are ordered from 1 to 5 while the boson coming from the βγ system is labeled as 6. A review of how to operate with cocycles can be found in [6] and a brief explanation is written in appendix A. The sixth boson has OPE:
while (ξ, η) form a free system:
The symmetries of this action are encoded in the following BRST charge:
These are all the stress-energy tensors for (x m , p m , ψ m ), (β, γ) and (b,c). We only require for the stress tensor of the current sector, T j , that the following OPE is satisfied:
.
Then, provided the central charge of the current system is 16, it is possible to show that Q 2 = 0 when the spacetime is 10-dimensional.
3 Cohomology.
In this section, we compute the ghost number 2 BRST cohomology of the Ambitwistor string for states in the Ramond sector. The cohomology of the Neveu-Schwartz sector has already been computed in [3] . We start by writing the most general vertex operator and the most general gauge parameter. Once all equations of motion and gauge transformations are obtained, we solve the algebraic gauge conditions to obtain a set of independent field equations.
Vertex operators.
States are defined by picture number −1/2 and ghost number 2 BRST cohomology. We define ghost and picture numbers by the expressions:
Vertex Operator. The most general ghost number 2 and picture number −1/2 vertex operator that is annihilated by b 0 is given by the sum,
where V + and V − are the GSO(+) and GSO(−) combinations. The GSO(+) vertex operator is given by:
while V − is obtained from V + by changing the chirality of our spinors. Notice that the vertices ψ m ψ n Sα and ∂Sα have not been written. In bosonized form, these combinations are related to ψ / ψS via field redefinitions [6] ; there is no need to worry about them.
Gauge vertex. As for the gauge transformations, we parametrize them by ghost number 1 and picture number −1/2 vertex operators:
Both expressions (3.2) and (3.4) constitute the basic field content of BRST cohomology.
Equations of motion and gauge symmetries.
For clarity we consider only the GSO(+) sector. The GSO(−) is obtained by replacing chiral indices for anti-chiral and vice-versa. We present the equations of motion organized by ghost number as they were obtained from the OPE of Q and V + . We also write the worldsheet operator that multiplies the resulting equation of motion.
• For (2c, 1c) multiplying (Sαe −φ 6 /2 cc∂ 2 c):
• For (1c, 2c)
multiplying (S α e −φ 6 /2 cc∂cp m ):
multiplying (Sαe −φ 6 /2 cc∂c∂φ 6 ):
multiplying (cc∂cψ m (/ ψS) α ):
multiplying (S α e φ 6 /2 cη∂c):
multiplying (S α e φ 6 /2 ccη∂φ 6 ):
multiplying ηccψ m (/ ψS)αe φ 6 /2 :
These 14 equations of motion are all invariant under the following 10 gauge transformations:
We determined the basic content of ghost number 2 BRST cohomology; all equations of motion have been written between (3.5) and (3.18 ). This set is highly redundant, and the next step is to use (3.19 ) to stablish the independent field equations.
Gauge-fixing and independent equations of motion.
In order to find the independent set of equations of motion, we begin by fixing algebraic gauge conditions and solving auxiliary field equations. Let us gauge-fix A and F to zero using the parameters µ and ω, that is, we choose µ = −A and ω = −F so that the residual gauge parameters µ ′ and ω ′ must satisfy:
and
After this gauge fixing, the following auxiliary field conditions can be imposed:
At this point it is already clear that there only remains two independent fields given by D ṁ α and I α . Moreover, the only remaining gauge parameter is λ. We leave the gluino field E ȧ β out of the discussion since its equation of motion is already the Dirac equation and it has no gauge transformations.
Finally, the following set of 3 equations,
with the corresponding gauge transformations:
defines the spectrum of the theory.
Gauge-invariant description. Consider the following field redefinitions:
such that our gauge transformations are mapped to δd ṁ α = ∂ m λα and δi α = 0.
(3.26)
The gauge-invariant object is then naturally defined as:
which allows us to write the equations of motion in the following form:
In the formulation of free higher-spin theories F m is called Fronsdal tensor [4] , it is the analog of the Ricci curvature in spin 2 formulation. This section started with the most general ghost number 2 picture −1/2 vertex operator. Then we obtained all equations of motion from the BRST method together with all gauge transformations parametrized by ghost number 1 picture −1/2 vertex operators. By fixing some of this gauge freedom, we have found a independent set of equations of motion that can be parametrized by Fronsdal fields. The next natural step is to write the spacetime action that gives the dynamics of this system.
Action
The kinetic term of the ambitwistor string field theory was defined in [3] :
where V −1/2 is the vertex operator (3.2) introduced in the previous section, an element of the small Hilbert space that is also constrained to satisfy L 0 V = b 0 V = 0. The RNS string has one additional feature: the picture number. It is necessary to saturate the background charge of supermoduli space to −2, and that is why we need a string field with picture −1/2, V −1/2 , together with a string field with picture −3/2, V −3/2 . We define picture raising, Z, and picture lowering, Y , by the following expressions:
so that we can obtain V −3/2 from V −1/2 via
Using the auxiliary gauge-fixing conditions imposed on the previous section, we obtain
The composition I • V −3/2 is the BPZ conjugate of the picture −3/2 field with I = −1/z. We should be careful when computing the conformal transformation I • V −3/2 because V −1/2 is not primary. From the OPE with the stress-energy tensor
we obtain a cubic pole contribution that changes the finite conformal transformation to
where # is cubic pole coefficient. Even after the auxiliary conditions are imposed we still have non-primary contributions that must be taken into account.
To calculate the free action, we fix the normalization c∂c∂ 2 cc∂c∂ 2c e −2φ 6 = 4, then the correlation function (4.1) gives the following gauge-invariant action:
In this expression we used the symmetric gamma matrices (γ m αβ , γ αβ m ) defined in appendix A. When using these symmetric matrices, the charge conjugation is used to eliminate all dotted indices; different chiralities are just represented by upper and lower indices, i.e. (C αα d ṁ α = d mα ).
We have written a non-unitary action that gives the equations of motion obtained in (3.28). It closely resembles the gauge-invariant formulation of spin 3/2, the difference being the presence of more derivatives. Let us proceed and study the supersymmetry of this non-unitary system.
Supersymmetry.
Let us define the supersymmetry generator as
Notice that it carries picture, which means that supersymmetry algebra only closes on-shell. We need the picture 1/2 supersymmetric charge:
In practice, supersymmetry transformations are written up to equations of motion. One also needs to choose a GSO sector to have well-defined supersymmetry transformations, otherwise there will be branch cuts. Given the generator (5.1), we need use the GSO(+) vertex operator.
Supersymmetry transformations of NS and R sectors.
The Neveu-Schwarz vertex operator in picture −1 was written in [3] :
(mn) + B
[mn] p m ψ n + G
[mn] ∂x m ψ n + C mnp ψ m ψ n ψ p + j a ψ m A a m +
where . . . depends only on the previous fields. In [3] , the fields (B (1) mn , A
m , A (4) , S (1) , S (2) ) of (5.3) were gauged to zero. If we choose to keep this gauge, we must observe that in general supersymmetry does not preserve a given gauge condition. Therefore when calculating supersymmetry transformations, we have to choose the gauge parameter Λ:
which is a vertex operator of ghost number 1 and picture −1, to ensure that δ ζ (B
m , A (4) , S (1) , S (2) ) all give zero. In the transformations below, the contributions of H are due to the gauge-fixing of these auxiliary fields:
and using the field redefinitions of [3] :
we arrive at
The term (ζγ mn ∂ p F p ) is zero if we use the equation of motion / F = 0, and so could not have been obtained from the supersymmetry generator (5.1). This term was added by hand in order to make the action invariant under supersymmetry.
For the Ramond sector the same can be done if we use instead the picture +1/2 supersymmetry generator (5.2):
At this point, we have obtain the supersymmetry transformations of both NS and R system for the independent fields of the theory in equations (5.10) to (5.9 ). Let us proceed and check that indeed the total GSO(+) action is supersymmetric invariant.
Supersymmetry invariance of the action.
The action that describes the Neveu-Schwarz sector is
where H mnp is the field strength for B mn and R mn is the Ricci tensor. This expression is equivalent to the action written in equation (4.13) of [3] if we shift t by t → t + R 2 . The equations of motion derived from (5.18) are
Now, the Ramond sector is described by equation (4.8):
from which we obtain the following set of equations of motion -(3.28):
From now on, we leave the Yang-Mills system out of the discussion because its supersymmetry transformations and action are already standard. For later use, let us write the supersymmetry transformation for all field strengths:
Supersymmetry for (h mn , t, i, d)
Let us consider the system:
such that the S N S variation is given by
η mn R and the S R variation is given by
where we have used (5.22) and ( / ∂ / Fζ) = 2(ζ∂ p F p ). It is clear that the sum of all terms cancels and invariance of this system is stablished.
Supersymmetry for
It remains for consideration the following system:
In order to check supersymmetric invariance we have to gather all independent combination of gamma matrices (γ m , γ mn , γ mnp , γ mnpp , γ mnpqr ). So consider the S N S variation:
and the S R variation:
Recall that the γ mnpqr is symmetric and γ mnp is antisymmetric under the spinor indices. Gathering all independent terms we confirm the system is supersymmetric.
A Ramond sector, cocycles and Gamma matrices. where an anti-chiral index,α, must have an even number of plus signs, and a chiral index, β, must have an odd number of plus signs. Each of these combinations has 16 independent components represented as 16 = 1 + 10 + 5.
A.1 The Ramond Sector.
The Ramond sector of the Ambitwistor string is defined by the antiperiodic boundary conditions of ψ m :
We follow [5] and implement these boundary conditions via spin fields. That is, we have a conformal primary S(z) that twists a periodic ψ:
This implies that a state |α created from the vacuum |0 via
should transform as a spacetime spinor. Notice that, due to the presence of S forcing ψ to be in the Ramond sector, this state must belong to an irreducible representation of the zero-mode Clifford algebra of ψ m : {ψ m 0 , ψ n 0 } = η mn , which implies
A.2 Bosonization and cocycles.
Because S α twists the boundary conditions of ψ m , the system is not free and OPE's are difficult to compute. Bosonization is a technique that allows us to deal with free fields only. Bosonization assigns for a pair of complex fermions one chiral boson, which means that we have to break manifest so(10) invariance down to u(5).
Spin Fields. The bosonization of spin fields is given by
where α is a chiral spinor index. The same expression is valid for anti-chiral spin fields by just replacing α forα. The factor c α is a cocycle phase that guarantees the correct anticommutation relations.
Cocycles. The anticommuting fermionic algebra is reproduced in the bosonic system via the Baker-Campbell-Hausdorff formula:
provided for |z ′ | = |z| we have
Now, if we are given more than one pair of fermions, they won't naturally anticommute because [φ i , φ j ] = 0. This is corrected by the introduction of cocycles [6] :
• Order all bosons of the theory: φ i where i = 1, . . . , N;
• Then multiply each exponential by a factor (−) N 1 +...+N i−1 , where N i is the fermion number operator:
For example, if we consider two pairs of fermions, the bosonization becomes
where now ψ 1 and ψ 2 anticommute
Thus, for more than one pair of fermions, we need to introduce the cocycle phase factors:
Consider the vector
then the cocycle factor can be written as
where e i is 1 in the ith component and zero elsewhere, is a matrix inner product and M is a lower triangular matrix with entries ±1:
The signs of M are arbitrary at this point, but they can be specified studying the charge conjugation matrix [6] .
The cocycle factors of spin fields, c α and cα, are given the following expressions: Notice that we obtain a branch-cut if α · e i = α i = −1/2 which in turn implies that the sum e i + α must be an anti-chiral indexβ. Therefore given giving us the final result:
The explicit representation is written in terms of the Pauli-matrices via
and one can convert between u(5) and covariant so(10) using
Notice that in our construction, the notation γ µ is reserved for the symmetric gamma matrices:
as it is common in the literature. In above equations, C denotes the charge conjugation matrix which is the next topic in our discussion.
Charge Conjugation Matrix. We define C as and with these convetions we have C ββ = Cβ β . These expressions can be motivated by studying the OPE of S α and Sβ.
It is also common to use only undotted indices when describing spinors in 10d. Charge matrices act as metrics on the spinor space and can remove all dotted indices. For us all spinors are defined with upper indices and then anti-chiral ones are written as S β = C ββ Sβ.
(A.27)
This notation is used together with the symmetric gamma representation.
